INTRODUCTION w x
First paper on oscillation of impulsive delay differential equations 1 w x was published in 1989 and its results were included in monographs 2, 3 . In the recent years impulsive delay differential equations attract attention of many mathematicians and numerous papers have been published on this class of equations.
Most of the publications are devoted to first order differential equations. Among them note the following papers on oscillation problems w x 4᎐9 . There are only few papers on high order impulsive differential equations, we also mention two ones on oscillation problems for second w x order impulsive ordinary differential equations 10, 11 .
Our paper is probably one of the first publications concerned with oscillation problems of second order impulsive delay differential equations.
We obtain explicit conditions of oscillation and nonoscillation for sufficiently general class of these equations. For equations without impulses these results coincide with known ones. We present several examples illustrating these conditions. In the first example the impulsive differential equation is nonoscillatory while the corresponding nonimpulsive equation is oscillatory. In the second example the impulsive differential equation is oscillatory and the corresponding nonimpulsive equation is nonoscillatory. In both examples the sequence of values of impulses tends to one. Thus we can ''improve'' oscillation nature of an equation by a sequence of ''disappearing'' impulses. Such an example for a second order impulsive ordinary w x w x differential equation was constructed in 11 . As it follows from 4 , this phenomenon is not possible for first order differential equations.
The paper is organized as follows. Section 2 contains the relevant definitions and notations. In section 3 we present the main result of the paper which is the equivalence of the four properties: nonoscillation of the differential equation and the corresponding differential inequality, positiveness of the fundamental function and the existence of a solution of a generalized Riccati inequality. For nonimpulsive equations this result was w x obtained in 12 . A similar result for a first order impulsive delay differenw x tial equation was obtained in 4 .
In section 4 we present comparison theorems. The next section includes explicit conditions for nonoscillation and oscillation. In a partial case when the values of impulses for the solution and its derivative are equal we construct a special nonimpulsive delay differential equation. We establish that the oscillation of an impulsive equation is equivalent to oscillation of the constructed nonimpulsive equation. As a consequence of this theorem we obtain several interesting results for this case of impulsive conditions.
Appendix contains a proof of solution representation formula.
PRELIMINARIES
We consider a scalar delay differential equation of the second order 
Ž .
We also assume that the following hypothesis holds 
The proof of this result is presented in Appendix. The following theorem establishes nonoscillation criteria. 
has a locally absolutely continuous solution, where the sum Ý X contains only Ž . those terms for which g t G t .
Ž . Ž . We substitute 11 into 8 and obtain after carrying the exponential out of the brackets the following inequality
where the sum Ý contains only such terms for which t F g t -t . Since
Ž . y t G 0 for t G t and a t G 0 then 12 implies inequality 10 .
Ž . with impulsive conditions 2 . Denote
Ž . where x is the solution of 13 , 2 and u is a solution of 10 . From Ž . Ž . 14 , 2 we obtain
i i Ž . Hence we can rewrite equation 16 in the form
Ž . Ž .
Since u is absolutely continuous in each finite interval, we have c g L w t , bx Ž . Ž . As was shown above, f t G 0, t G t , implies x t G 0, t G t . Conse- 2 2 Ž . quently, the kernel of the integral operator 21 is nonnegative. Therefore
m t x t s X t, t x t y X t, s a s g s ds,
Ž . Ž . where t s x t , t -t . Therefore x t -0, t ) t and we get a contra- 3 3 diction. Ž . Ž . Hence the strict inequality x t s X t, s ) 0, t ) s G t holds. A proof of the following theorem and its corollary is similar to the proof Ž . of the corresponding theorem Theorem 2 for equations without impulses w x 12 . 
Ž . Ž . Ž . THEOREM 3. Suppose a t G 0, a t G b t for t G t and inequality
k k k 0 Ž . Ž . Ž .
Ž . t ) t and Y t, s
) 0, t ) s G t . 0 0 q Ä 4 Denote a s max a,0 a t G b t G 0, r t G f t for t G t , t G t for t -t . Ž . Ž . Ž . Ž . Ž . Ž . k k 0 0 Ž . Ž .
Then y t G x t for t G t .
0 w x A proof is similar to the proof of Theorem 4 in 12 .
EXPLICIT NONOSCILLATION AND OSCILLATION CRITERIA
We will employ Corollary of Theorem 3 to obtain explicit sufficient conditions for nonoscillation and suppose in this section that A ) 0, 
Then equation 1 , 2 has a positi¨e solution for t ) t with a nonnegati¨e 0 deri¨ati¨e.
Ž .
Proof. Suppose 26 holds. We will show that a function 1r2 t is a Ž . solution of inequality 24 . To this end substitute this function into the left hand side of the inequality and consider a function
Then 1r2 t is a nonnegative solution of the inequality 24 , therefore Ž . Ž . Ž . Ž . Ž . 
Then the ordinary differential equation x t q a t x t s
1 t F B rA F t q 1 F t 1 q . Ł j j ž / t t -Ft 0 0 j Ž . Thenthe first inequality of 27 holds with r s 1, m s 1, M s 1 q 1rt .
Ž .
Remark. All the solutions of equation 29 without impulses are oscillaw x tory 15 . Now we will obtain some other nonoscillation conditions. Denote Ž . Ž . Ž . therefore u t F u t and either there exists a finite limit of u t as t ª ϱ 1 Ž . or lim u t s yϱ. We will see that the latter case is impossible. 
A rB a t dt s ϱ and H Ł B rA dt s ϱ then all the solutions
The inequality 
Ž . Ž . As an application of the previous theorem and oscillation results, w x obtained in 12, 16 for nonimpulsive equations we will present the following theorems. 
APPENDIX: REPRESENTATION OF SOLUTIONS
Here we consider a more general n-dimensional problem and obtain the representation of solutions for it. Let R n be the space of n-dimensional Ž . 5 5 < < column vectors x s col x , . . . , x with the norm x s max x , by 1 n 1 F iF n i 5 5 the same symbol и we will denote the corresponding matrix norm. We consider the equation with the following initial and impulsive conditions. By Lemma 1 the functions under the integral are uniformly bounded. The Ž . Lebesgue theorem on the limit under the integral yields 55 . Similarly the Ž . equality for the derivative of X t, s in t is obtained
